
Coordinate change for diagonalization 



  A≈B,B≈C->A≈C. A≈A. A≈B->B≈A 

  Proof: C=P-1AP. If P=[v_1,…,v_n], then  
by equation (20) Sec.8.2, we have 
[T]_B=P-1[T]P where [T]=A. 



 Coordinate change are superficial change.  
 Many essential properties remain.  
 det(P-1AP)=det(P)-1det(A)det(P)=det(A).

 Example 1. 



 The algebraic multiplicity of an 
eigenvalue is the multiplicity as a root of 
the characteristic polynomial. 

 The geometric multiplicity of an 
eigenvalue is the dimension of (LI-A)x=0.

  geom mult. ≤ alg. mult. 
 Example 2. 



 Proof: C=P-1AP.  Then  
◦  LI-C=LI-P-1AP = P-1(LI-A)P.  
◦  det(LI-C)=det(LI-A). 
◦  (LI-C)x=0 <-> P-1(LI-A)Px=0. <-> (LI-A)y=0 

for y=Px. (substitute variable) 
◦ Thus dim sol (LI-C)x=0 is the same  

as dim sol(LI-A)x=0.  



 Proof (b): Ax=Lx. -> P-1Ax=LP-1x ->  
P-1AP(P-1x) = L(P-1x) -> C(P-1x)=L(P-1x).  



 We wish to change coordinates so that 
the matrix is diagonal.  

 This is not always possible.  



 Proof ->:  A=P-1DP for a diagonal matrix 
D with diagonals L_1,L_2,…,L_n.  
◦ AP=PD.  P=[p_1,p_2,…,p_n] 
◦ AP=[Ap_1,Ap_2,…,Ap_n] 
◦ PD=[L_1p_1,L_2p_2,…,L_np_n] 
◦ Thus Ap_i=L_ip_i. 

 Proof <-: p_1,p_2,..,p_n linearly 
independent, eigenvectors. 
◦ Ap_i=L_ip_i. 
◦  Let P=[p_1,p_2,…,p_n]. 
◦ The same computations show AP=PD. 
◦ Since P is invertible, P-1AP=D.  



 Example 4.   



 Thus, if some eigenvalues coincide, the 
corresponding eigenvectors may be 
depedent. (This is unless they are 
fundamental solutions.) 





 Unifying theorem:  


