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About this lecture

@ Functions

@ One to one and onto

@ Inverse of functions

@ Images and inverse images

@ Course homepages: http://mathsci.kaist.ac.kr/~schoi/logic.html
and the moodle page http://KLMS.kaist.ac.kr
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About this lecture

@ Functions

@ One to one and onto

@ Inverse of functions

@ Images and inverse images

@ Course homepages: http://mathsci.kaist.ac.kr/~schoi/logic.html
and the moodle page http://KLMS.kaist.ac.kr

@ Grading and so on in the moodle. Ask questions in moodle.

S. Choi (KAIST) Logic and set theory November 12, 2012 2/20


http://mathsci.kaist.ac.kr/~schoi/logic.html
http://KLMS.kaist.ac.kr

Some helpful references

@ Sets, Logic and Categories, Peter J. Cameron, Springer. Read Chapters 3,4,5.
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Some helpful references

@ Sets, Logic and Categories, Peter J. Cameron, Springer. Read Chapters 3,4,5.
@ http://plato.stanford.edu/contents.html has much resource.
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Some helpful references

@ Sets, Logic and Categories, Peter J. Cameron, Springer. Read Chapters 3,4,5.

@ http://plato.stanford.edu/contents.html has much resource.
@ Introduction to set theory, Hrbacek and Jech, CRC Press. (Chapter 2)
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Functions

@ Let F be a relation from Ato B. F is said to be a function from A to B if

Va e A3lb € B((a,b) € F).
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Functions

@ Let F be a relation from Ato B. F is said to be a function from A to B if
Vae Adlb € B((a,b) € F).

@ If (a,b) € f, we write b = f(a) the value of a.
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Functions

@ Let F be a relation from Ato B. F is said to be a function from A to B if
Vae Adlb € B((a,b) € F).

@ If (a,b) € f, we write b = f(a) the value of a.

@ Examples:
f = {(s, p)| Prof p is the advisor of the student s }.
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Functions

Theorem

f,g:A— B. IfVa e A(f(a) = g(a)), thenf = g.

o F = = DA
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Functions

Theorem
f,g: A— B. IfVac A(f(a) = g(a)), then f = g.

Proof.

Given f(a) = g(a) for all a € A, we show f C gand g C f. GivenVa € A, f(a) = g(a),
we show (a, b) € f — (a, b) € g first. But (a,b = f(a)) = (a,b = g(a)). Thus clear. We
show (a,b) € g — (a, b) € f similarly. O

v

S. Choi (KAIST) Logic and set theory November 12, 2012 5/20



Composition

o Ran(f) = {f(a)|a € A}. Dom(f) = A.

o F = = DA
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Composition

@ Ran(f) = {f(a)|a € A}. Dom(f) = A.

@ Givenf: A— Band g: B— C, we define g o f as relation.
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Composition

@ Ran(f) = {f(a)|a € A}. Dom(f) = A.

@ Givenf: A— Band g: B— C, we define g o f as relation.
Theorem

Letf:A— B,g: B— C. Thengof:A— Candforallac A, go f(a) = g(f(a)).

J
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Proof
()

Given
f:A—-Bg:B—C

Goal
gof:A—=C
Vae Adlc € C((a,c) e gof)

=} F = = DA
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Functions

Proof
o
Given Goal
f:A—-Bg:B—C gof:A—=C
Vae Adlc e C((a,c) e gof)
o
Given Goal
f:A—-Bg:B—C dece C((a,c)egof)
acA Ver € CVe € C

(((a,c1) egofA(ac)egof)—cr=c)
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Functions

Proof
o
Given Goal
f:A—-Bg:B—C gof:A—=C
Vae Adlc e C((a,c) e gof)
o
Given Goal
f:A—-Bg:B—C dece C((a,c)egof)
acA Ver € CVe € C

(((a,c1) egofA(ac)egof)—cr=c)
@ Existence part. clear.
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Proof
@ Uniqueness part:
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Proof

@ Uniqueness part:
o

Given Goal

f:A—-Bg:B—C Ci=0C
acA

C1,02€C

(a,c1) egof,(a,c)egof

=} F = = DA
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Proof

@ Uniqueness part:

)
Given Goal
f:A—>Bg:B—C Ci =0
acA
ci,coeC

(a,c1) egof,(a,c)egof
@ (a,b) ef,(br,c1) € g,(a b2) € f, (b2, Cc2) € g. Here by = b, and hence ¢y = ¢;.
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One to one and onto
Definition

@ f: A— Bis said to be one-to-one if

—Jag; € Ada, € A(f(a1) = f(ag) N aq ;ﬁ az).
@ fis ontoif Vb € Bia € A(f(a) = b).
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One to one and onto

Definition
@ f: A— Bis said to be one-to-one if
—da; € Ada, € A(f(a1) = f(az) N aq # az).

@ fis ontoif Vb € B3a € A(f(a) = b).

Theorem
@ f is one-to-one iffVa; € AVay € A(f(a1) = f(az2) — a1 = a»).
@ fis onto iff Ran(f) = B.
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One to one and onto

Definition
@ f: A— Bis said to be one-to-one if
—da; € Ada, € A(f(a1) = f(az) N aq # az).

@ fis ontoif Vb € B3a € A(f(a) = b).

Theorem
@ f is one-to-one iffVa; € AVay € A(f(a1) = f(az2) — a1 = a»).
@ fis onto iff Ran(f) = B.

Theorem

Letf:A—B,g:B— C,gof: A— C.
@ Iff and g are both one-to-one, then sois g o f.
@ Iff and g are both onto, then so is g o f.
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Proof
@ Injectivity only:

Given
Va; € Bva, € B
((f(a1) = f(a2) — a1 = &)

Vb € Bb, € B

Goal
((9(b1) = g(b2) — by

S’Of a1 EBV,
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Proof

@ Injectivity only:

Given Goal
Va; € Bva, € B Va; € Bva, € B
((f(a) = f(a2) = a1 = a) ((gof(a) =gof(az) — a1 = a)
Vby € Bvb, € B

((9(b1) = g(b2) — by = b2)
@ Injectivity only:

Given Goal
Va; € Bva, € B((f(a1) = f(az) — a = 32) a = a
Vb € BVb, € B((g(b1) = g(b2) — by = by)
ai € Bia, e B,gof(ai) =gof(a)
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Proof

@ Injectivity only:

Given Goal
Va; € Bva, € B Va; € Bva, € B
((f(a) = f(a2) = a1 = a) ((gof(a) =gof(az) — a1 = a)
Vby € Bvb, € B

((9(b1) = g(b2) — by = b2)
@ Injectivity only:

Given Goal
Va; € Bva, € B((f(a1) = f(az) — a = 32) a; = ap
Vb € BVb, € B((g(b1) = g(b2) — by = by)
ai € Bia, e B,gof(ai) =gof(a)

@ g(b1) = g(be) for by = f(ai), bo = f(az). Thus, by = b, and hence a; = a».
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Inverse of functions

Definition

correspondence.

The function that is one-to-one and onto are called bijections or one-to-one
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Inverse of functions

Definition
The function that is one-to-one and onto are called bijections or one-to-one
correspondence.

Theorem (5.3.1)

f: A— B. Iff is one-to-one and onto, then f~' : B — A is also a one-to-one and onto
function.
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Inverse of functions

Proof.

@ We show first that 7~ is a function. That is Vb3la € A((b, a) € f~ ). This is
divided into Vb € B3a € A((b,a) € f~') and

Vb € Bvay € Avax € A(((b,a1) € ' A(b,a) € f') = a1 = a).
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Inverse of functions

Proof.

@ We show first that 7~ is a function. That is Vb3la € A((b, a) € f~ ). This is
divided into Vb € B3a € A((b,a) € f~') and

Vb € Bvay € Avax € A(((b,a1) € ' A(b,a) € f') = a1 = a).

@ The first goal is equivalent to Vb3a € A(b = f(a)). Thus, f being onto implies this.

S. Choi (KAIST) Logic and set theory November 12, 2012 12/20



Inverse of functions

Proof.

@ We show first that 7~ is a function. That is Vb3la € A((b, a) € f~ ). This is
divided into Vb € B3a € A((b,a) € f~') and

Vb € BVay € AVa € A(((b,ar) € ' A(b,a) € ') = ay = a).

@ The first goal is equivalent to Vb3a € A(b = f(a)). Thus, f being onto implies this.
@ The second goal is equivalent to

Vb € BVa; € AVa, € A((b= f(a1) AN b = f(a)) — a1 = a).

Hence, f being one-to-one implies this.
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Theorem (5.3.2)

f:A— Bandf':B— Aare functions. Thenf "o f=isandfof ' =iz

=} F = = DA
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Inverse of functions

Theorem (5.3.2)

f:A— Bandf~': B— Aare functions. Thenf~"of =iy andfo f~' = jg.

Theorem (5.3.3)
f:A— B.

@ Ifthere is a function g : B — A such that g o f = ia, then f is one-to-one.
@ Ifthere is a function g : B — A such that f o g = ig, then f is onto.
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Inverse of functions

Proof.

@ 1)Wearegivenf: A— B,g: B— Awith gof =is. Ourgoalis
Var € AVax € A((f(a1) = f(a2) — a1 = az). Suppose aj, a € A be arbitrary and
f(a1) = f(a2). Then a1 = ia(a1) = gof(ai) = go f(a) = ia(az) = ae.
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Inverse of functions

Proof.

@ 1)Wearegivenf: A— B,g: B— Awith gof =is. Ourgoalis
Var € AVax € A((f(a1) = f(a2) — a1 = az). Suppose aj, a € A be arbitrary and
f(a1) = f(ag). Then a; = iA(a1) =go f(a1) =go f(ag) = iA(az) = ao.

@ 2) We are given f o g = ig. We show Vb3a(b = f(a)). Let b € B be arbitrary. Then
we try to guess a. We have b = f o g(b) = f(g(b)). Let a = g(b). Then
b= f(a) = f(g(b)) = b.
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Inverse of functions

Theorem (5.3.4)
The following statements are equivalent:
@ f is one-to-one and onto
o f~': B— Ais a function.
@ Thereis afunctiong : B— A suchthatgof=iaandfog=ig.

Proof.
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Inverse of functions

Theorem (5.3.4)
The following statements are equivalent:
@ f is one-to-one and onto
o f~': B— Ais a function.
@ Thereis afunctiong : B— A suchthatgof=iaandfog=ig.

Proof.
@ 1 — 2: Theorem 5.3.1.
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Inverse of functions

Theorem (5.3.4)
The following statements are equivalent:
@ f is one-to-one and onto
o f~': B— Ais a function.
@ Thereis afunctiong : B— A suchthatgof=iaandfog=ig.

Proof.
@ 1 — 2: Theorem 5.3.1.
@ 2 — 3 Theorem 5.3.2.
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Inverse of functions

Theorem (5.3.4)
The following statements are equivalent:
@ f is one-to-one and onto
o f~': B— Ais a function.
@ Thereis afunctiong : B— A suchthatgof=iaandfog=ig.

Proof.
@ 1 — 2: Theorem 5.3.1.
@ 2 — 3 Theorem 5.3.2.
@ 3 — 1 Theorem 5.3.3.

S. Choi (KAIST) Logic and set theory

November 12, 2012 15/20



Inverse of functions

Theorem (5.3.5)

Suppose that we have f: A— Bandg: B— Aandgof=isandfog=ig. Then
g="r".
Proof.
O
o = =
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Inverse of functions

Theorem (5.3.5)

Suppose that we have f : A— Bandg: B — Aandgof=isandfog=ig. Then
g="r".

Proof.
@ By Theorem 5.3.4 (2 +» 3), ' : B — Al a function.
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Inverse of functions

Theorem (5.3.5)

Suppose that we have f : A— Bandg: B — Aandgof=isandfog=ig. Then
g="r".

Proof.

@ By Theorem 5.3.4 (2 +» 3), ' : B — Al a function.
@ By Theorem 5.3.2, f~' o f = is.
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Inverse of functions

Theorem (5.3.5)

Suppose that we have f : A— Bandg: B — Aandgof=isandfog=ig. Then
g="r".

Proof.

@ By Theorem 5.3.4 (2 +» 3), ' : B — Al a function.
@ By Theorem 5.3.2, f~' o f = is.
@ Theng=inog=(f'of)og=Ff"o(fog)=Ff"oig=r".
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Images and Inverse images
@ Givenf:A— B. X C A

o F = = DA
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Images and Inverse images
@ Givenf:A— B. X C A

@ The image of X:

f(X) = {f(x)|x € X} = {b € B|3x € X(f(x) = b)}.
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Images and Inverse images
@ Givenf:A— B. X C A

@ The image of X:
@ Inverse image of Y for Y C B:

f(X) = {f(x)|x € X} = {b € B3x € X(f(x) = b)}.

' (Y)={ac Af(a) e Y}.
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Images and Inverse images

@ Givenf:A— B. X C A
@ The image of X:

f(X) = {f(x)|x € X} = {b e B|3x € X(f(x) = b)}.
@ Inverse image of Y for Y C B:

' (Y)={ac Af(a) e Y}.

Theorem (5.4.2)

f:A— B, W,X C A. Then (1) f(Wn X) C f(W)n f(X). And (2)
f(Wn X)=f(W)n f(X) if f is one to one.
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Proof

Given Goal
f:A=-B W, XCA f(WnX)cCf(W)nf(X)

=} F = = DA
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Proof

e (1)
Given Goal
f:A=-B W, XCA f(WnX)cCf(W)nf(X)
°
Given

Goal
f:A-B W XCA bef(W)nf(X)
b e f(WnX)

b=f(a),ac WnX
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Proof
° (2)

Given

Goal
fPASBW.XCA vbeB bef(WnX)«
Vai € AVa, € A
((ar) = f(a2)) = a1 = a

b e f(W) N f(X)
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Proof
° (2)

Given

Goal

) vbeB bef(WnX)«
f:A—-B W XCA b e (W) N f(X)

Vai € AVa, € A

((ar) = f(a2)) = a1 = a

@ — partis donein (1)
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Proof

Given Goal
) vbeB bef(WnX)«
f-A-B W XCA b e (W) N f(X)
Vay GA,Vaz cA

(Har) = (@) » a1 = a
@ — partis done in (1)
@ (2)(ii)
Given Goal
f:A—-B W XCA be f(WnX)
(Va1 S A,Vag cA
((f(a1) = f(@2)) — a1 = &)
b e f(W)nf(X),
b=f(w)=1fx),we W,xe X,w=x
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Project homework

@ See page 258,259 1-6. Do this individually (see kims for details)
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Project homework

@ See page 258,259 1-6. Do this individually (see kims for details)
@ Due date is: November 30th (Friday)
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