5.4. Additional properties

Cofactor, Adjoint matrix,
Invertible matrix, Cramers rule.
(Cayley, Sylvester....)



« det(A) = det(Al), A nxn matrix
* Proof:  At(; o) = A(oi, i)

det(A*) = > . cs sgnoA*(1,01)---A*(n,on)
ZJESn sgnoA(cl,1)--- A(on,n)

A(oi, i) = A(j,oY),i=o
A(o1,1)---A(on,n) = A(l,07'1)---A(n,oc7n)
sgncf—l = Sgno

det(A") > ves. Sgno tA(1,071) - A(n, 0" 'n)

ZaeSn sgnoA(1,01)--- A(n,on)



A B
0 C

e A rxr-matrix B rxs matrix C sxs matrix

» Proof: Define D(A,B,C) =det |4 B
0 C

det [ } = det Adet C

— Fix A,B, D(A,B,C) alternating s-linear for rows of
C.

— D(A,B,C)=(det C)D(A,B,l) by Theorem 2.

— D(AB,l)=det [A B]=det |4 0|=D(A,0,]

0 I 0 7

— D(A,0,I)= det A D(l,0,l)= det A since alternating r-
linear.

— D(A,B,C)=detA det C




 Cofactors
— Recall that det A = 2( 1)*/A, det AGil j)

— Define S =( 1)’” det AGi | )

* (i,j)-cofactor of A.

— Then det A — EA” ’

— We show if j=k, then E A



* Proof: B obtained by replacing the j-th
column of A by the k-th column.

— det B=0 since det B= det Bt and two rows
are same.

= B(1.))= All,k). B(i]j)=Ail)
det B = i(—l)"”Bi’ ;detB(il j)

= Y (1A, det A1 j) = ¥ A,C,
i=1

i=1



« Classical adjoint of A is the transpose of the
cofactor matrix.

— adj A, = C; = (-1)* det A(jli)
 (adjA)A = (detA) I (%)

2 Az Cy = ECU‘Aik - E(adeﬁ YAy = (det A)o,
i=1 i=1 i=1

 A(adj A) = (det A)
— Proof: adj(At) = (adJ Altsince
(-1)* det AYi[j) = (-1)" det A(j|i)
— (adj AHAt = det(AYHI by (¥).
— (adj A)!At = det(A)!
— A(adj A) = det(A) I.



Invertible matrix

Theorem 4. nxn matrix A over a commutative

ring K with identity.

— Ais invertible (with an inverse with entries in K) iff det A
In K is invertible in K .

— A'=(det A)"' adj A

Proof:

(->) A.A'=I. det A.A'"'=det A det A1 =1.

— det A = (det A1)

(<-) (adj A) A = (det A)l. A(adj A)=(det A)l.
— (det A)Y'(adj A)A = |, A (det A)'(adj A) = I.

— A" = (det A)'(adj A)



* Fact: An integer matrix has an integer
iInverse matrix iff determinant is 1.

« Example: A= |, .| adjA=|] 7]
—detA=1.
— A''=adj A

« See also examples 7, 8 on pages
160-161.



Cramers Rule

A nxn-matrix, X nx1, Y nx1 matrices
« AX=Y.

— (adj A) AX = (adj A)Y

— (det A) X =(adj A)Y

(det A)x, =Y (adjA) ;,
i=1

_ E(_l)i”’ y.det A(i | j)
i=1



