6.6 Direct sum
decompositions

The relation to projections



* W,,....W,In V subspaces. W,,...,W, are
linearly independent if a,+...+a,=0
implies a,=0 for each I.

« Lemma. TFAE:

-W,,...,W, are independent.
— W,NW, +..+W, _)={0},j=2,...k.

— Bi basis for W, -> B={B,,...,B,} is a basis
for W.

* Proof: omit

* We write W=Wo- - ®W,



« Example:
R°=R ®F°

* Example: V = M™"(F)

— W, all symmetric matrices: Al=A.

— W, all antisymmetric matrices: At=-A.

— Then V=W, &W.,.

o« A=A +A,, A =(A+AY/2, A=(A-AY)/2.

 Projections: E:V->V, E%=E. E is called a

projection.




« Example: E: (x,y,2)->(x,y,0).
* Properties: R=range of E. N=null E.
— b in R <-> Eb=D.
» (->) b=Ea, Eb=E(Ea)=Ea=b.
* (<-) b=Eb. Done
— |-E Is a projection also:
» (I-E)(I-E)=I-2E+E2 = 1-2E+E=1-E.

— Im(I-E)= null E:
 Let a=(I-E)b. a=b-Eb. Ea=Eb-E?b=Eb-Eb=0. a
in null E.

« ain null E. Ea=0. (I-E)a=a-Ea=a. a in Im(I-E).



—ain V. a=kEa+(a-Ea)=Ea+(l-E)a.
—V=Im E @ Im(I-E).

« Ea=(I-E)b. Ea=E2a=Eb-E?b=Eb-Eb=0. (I-E)b=0
also.

— V=R ®N.
* Im E=R. Im(l-E)=N
* Projection is diagonalizable:
—Let{a,,...,a,} be a basis of R.
—{a,,q,.-., a,} a basis for N.

— B ={a,,...,a,} a basis for V which
diagonalizes E. '
[E]B = _0




« Cases where there are a number of
projections (commuting)

* Theorem 9. If V=W.,®... ®W,, then there
exists k linear operators E,,...,E, on V s.t.
— (i) Each E; is a projection. E*=E..
— (ii) EE=0 if i=j. (commuting)
— (i) I=E+...+E,.
— (iv) Range E, = W..

« Conversely, if E,,..,E, are k linear operators
satisfying (i)-(iii), then for W.:=range E,
V=W.®... ®BW,.



* Proof:

—(->)V=W,®... ®W,.
« a=a,+...+a,, a, in W.. Uniquely written.
* Define Eja = a,
» Then E*=E,
* N(Ej)= W,®...0W_@W,,,®... ®W,.
- a=E,at+...+Ea. I=E+...+E,.
* B, E=0if i=j. (W, is in N(E))).

—(<-) Let E,,...,E, linear operators.
« a= E,a+...+E,a by (iii).
« V=W, +... +W,.
* The expression is unique.



ca=a.t...+ta.ainW,=ImE,. a=Epb,
* Ea=Ej(a,+...+a )= E;a,= EEb,=Eb= 3,
* By (b) of the Lemma, W,,...,W, are

iIndependent.
¢ V=W,®... ®W,
* Note: A finite sum of any collection of
distinct E; is a projection.
— Check:

(E, +..+E ) =E, +.+E,

I L



6.7. Invariant direct sums

¢« V=W®... ®W,, W, T-invariant.

A 0 0
A 0

7], == 7
0 0 A,




 Theorem 10: T:V->V. V=W.®... W,
respective E,,...,E,.
— Each W. is T-invariant <-> TE=E.T, i=1,
... K.
* Proof:(<-) Letain W,. a=Ea.
— Ta=T(Ea)= E;T(a). Tain W,
— W;is T-invariant.
— (->) a=E,a+...+E,a.
— Ta=T E,a+...+T E,a.
— Since T(E;a) in W, , T(E;a)=E;b, for some b;.



— ETa=ETE,a+...+ETEa =ET Ea =TEq.
Thus, ET=TE,
 Theorem 11. T in L(V,V). T is diagonalizable.
Cq,...,C. distinct char. Value of T. Then there
exists projections E,,...,E, s.t.
— (i) T=c,E,+...+C E,
— (ii) 1= Eq+...+E, (iii) E[E=0 i=j. (iv) E2=E,.
— (v) Range E=char.v.s. of T ass. c..

— Conversely, given distinct c,,...,c,, E4,...,E, with
(i)-(iii). Then T is diagonalizable with char values
Cq,...,C, @nd (iv)(v) also hold.



* Proof: (->) T diagonalizable. c,,...,c, dist.
Char. Values.
- V=W®... ®W,, W, associated with c..
— a=E,a+...+E,a.
— Ta=T E,a+...+T E,a=c, E,a+...+c,E,a.
— T=c, E4+...+CE,.
— (<-) We need to prove (iv)(v) and T is

diagonalizable.

— (iv) El = E(E,+...+E,)=EZ.
— T=c, E +...+Cc.E, by(i).
— T E; = ¢E; by (iii).
— Since E;is not zero, ¢, is a char.value.
— T-cl= (c4-c)E+...+(C,-C)E, .



— If c=c, for all |, then T-cl has the null-space
{0}.

— T has char.values c,,...,C,.

— T is diagonalizable since char.v.s. span V.

— (v) null(T-cl)=Im E..

D) (T-ch)Eja= ((c4-¢)E4+...+(C 1 4-G)E 4+

CinC ) i+1 (Ck )E )Ea 0 by (“I)

. C) If Ta=ca, then (c,-c,)E a+...+(c -C)E ; ,a+

Ci+17C ) |+1a+(Ck )Eka =0.

* (¢-C;)E;a=0 for all j =i.

* E;a=0 for all j =i.

 ainim E,.

[ ]
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 Remark: diagonalizable operator T is
uniquely determined by c,,...,c, and E,,
s B
« T=c, E+...+Cc E,
—9(T)= 9g(cy) E4+...+g(Cy)Ey
— Proof omitted.
* Let (x-c)

pi=11

i (C;—=C)

k k
pJ(T) = zpj(ci)Ei = Eél‘jEi = Ej
i=1 =1

— Thus, E;is a polynomial of T and hence
commutes with T.



